The Tavis-Cummings model of N two-level atoms interacting with a single resonant mode is extended to various cases of off-resonance, initial photon densities, and atom number N. For stimulated absorption and small numbers of mean photon number a very unexpected results showing well defined rise and fall of oscillation is found.
Background:
The time development of the ensemble averages of − and − + for photon number densities representing the coherent and thermal states [1] was given in 1965 but only for the resonant case and short times [2] . Eberly [3] provided the long term development for the ensemble average of − + showing the periodic collapse and revival of oscillations in that average. An elegant empirical demonstration of the quantum collapse and revival was observed in 1987, when a single Rydberg atom in a single mode of an electromagnetic field in a superconducting cavity was investigated [4] . Since that time, numerous papers have been published on the subject of quantum radiation in interaction with atoms. More recently, results for simulated emission in a single mode were given for both resonance and non-resonance for various initial photon density distributions [5] . In1968, the exact solutions to what has become known as the Tavis-Cummings Model were presented [6, 7] , extending to N atoms the basic model of one atom originally proposed in 1963 to study the relationship between the quantum theory of radiation and the semi-classical theory in describing spontaneous emission [8] .
In the following, we will apply the solutions of the Tavis-Cummings model for N two-level molecules (N-TLMs) as basis states to find expressions for the time development of the ensemble averages of − and − + . With the general solution in hand, specific cases of interest will be presented here in more detail for various photon distributions previously developed [5] .
Ensemble Averages for
− and
− +
The ensemble average of the field operators E -(t) and E -E + (t) may be found in the usual way [9] where only one mode of the field is excited, is the complex coupling constant, and is the dipole moment of the TLM with which the field is interacting. The elements of ≥ 0. By changing variables and using the orthogonality relationships for , , the following expressions can be found [10] :
where � is the mean number of photons and
Equation (14) is the final general solution for 1 ( �, , ) (no assumptions about resonance or non-resonance) and we have used the alternate expression for the effective eigenvalues of reference [6] , namely λ=c-| | and multiplied by to obtain the correct units even though ħ is still set to unity. Note that | | = . Using the notation introduced by reference [ 2] , the ensemble average for the field 〈 − ( )〉 can be written as
where
and we have taken advantage of the real nature of the . The relative tuning parameter is a measure of non-resonance and is given by = − | | . Simplification of 2 is difficult except for resonance. We will not consider 〈 − ( )〉 or 2 ( �, , ) further in this paper. Specific examples for N=1 through 4 for resonance and N=1 and 2 for non-resonance were provided in reference [ 10] .
Numerical evaluation of (�, , )
The exact calculation for this expression is performed using eq. (14) . In order to perform these calculations we make use of the photon number densities developed in reference [5] , namely Eqs. 17-28 in Table 1 . 
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See reference [5] for definitions of various functions used in Eqs. 17-28. In the following examples, we will not focus on numerical solutions for N=1 TLM since those cases were examined in some detail for the various photon densities in reference [5] . We will provide some numerical solutions for the photon densities represented by Eqs. 17-18 for N=10 as a reminder of what we considered in references [10, 15] . The photon density representative by Eq. 19 will not be considered. All of the examples provided in the Table 2 below are for 10 TLMs since calculation for larger values takes considerable time. Each row of the table contains the photon density on the left and the value of (�, , ) as a function of time on the right. Again � is the mean photon number and N the number of TLMs. In some cases we provide only resonant cases. For others we provide only non-resonant cases such as for the thermal state and squeezed thermal state. It is noted that numerous examples could be provided for various values of coherent photon number, thermal photon number, squeezing parameter, phase, and initial photon number and for various off resonant parameters. The range of possible examples is too large to explore in this paper, thus I provide the Mathematica notebook used to perform the calculations.
I did explore a small range of coherent photon number for the coherent state represented by Eq. 17 since this was an easily calculated example. When the number of photons is equal to or smaller than the number of TLMs, we see from the examples below that the photon number is insufficient to drive the TLMs to a state of equal up and down TLMs and that the reoccurring oscillations rapidly approach random oscillation.
It is believed that the rise and fall of oscillations seen for the non-resonant cases is due to the distortion of bases states away from the more or less harmonic state forms exhibited for the resonant cases. This distortion can be extreme to the extent of favoring only a few of the , , at the lower or upper values of n.
In Table 3 below, we provide examples which examine the effect of increasing photon number for the resonant coherent case represented by Eq. 17. Two sets are shown, 1 for 1 TLM and the other for 10 TLMs. As in Table 2 , Table 3 is in a row format with the photon density on the left and the value of (�, , ) as a function of time on the right. The rows alternate with one row for 1 TLM and the second for 10 TLMs. We see that as the photon number increases greatly beyond the number of TLMs, that the rise and fall becomes considerably sharper and further apart. This is attributed to the linearity of the differences of eigenvalues in Eq. 14.
By examining the exact solution found in Ref. [5] displayed in Eq. 29 for one TLM, we see that as � increases we can approximate Eq. 29 by the following equation 30 where ∆ is the standard deviation in photon number.
As is easily seen, the square root can be expanded as a constant plus a term linear in the difference between n and �.
Note that some of the examples shown within Table 3 are repeats of examples in Table 2 for ease of review. Further, for the last example in the table, time was only taken out to 800 rather than 2500 since a time estimate of between 4 days and 600 hours for computation was made. The second special case will be considered next.
All TLMs initially in the down state-Simulated Absorption 
This expression is very similar to eq. (14) but with some differences since the upper limits on the sums over j, j' and p depend on n and the eigenvectors , , are summed downward from the highest term rather than upwards from the lowest term. It can also be seen that for N TLMs, that there are N-1 unique terms, one each for every n term less than N. It is only for ≥ that all the terms look the same.
Numerical evaluation of (�, , )
The calculations for this case appear to be no more difficult that for all the TLMs up, although the precision for which the calculations are performed must be raised to prevent round off errors or division by zero. As with the TLMs all up, all the photon distributions provided in Table 1 can be used for example calculations of 4 ( �, , ). Examples for all cases will not be provided but can be obtained using the supplied Mathematica notebook. Instead, the examples provided will at first focus on the use of the coherent distribution for various numbers of coherent photons and a comparison of the results for 4 ( �, , ) and 1 ( �, , ) (all TLMs up) for the same number of TLMs. Some interesting results will be seen. For a large number of coherent photons compared to the number of TLMs, the results will appear quite similar, although with differences. However, when the number of coherent photons approaches and then becomes smaller than the number of TLMs, striking differences between the 2 functions will occur. The results are presented in Table 4 . There are nine sections in Table 4 . Each section has both a left and right column and is 3 rows deep. The left and right columns are read vertically with the top row of each section the graphic for the photon density. The second row is the case for all TLMs up ( 1 ( �, , ) ). The bottom row is for all TLMs down ( 4 ( �, , )). Only resonant cases are provided although the reader may consider other cases using the supplied program. Section 1 contains the 2 cases of 10 coherent photons (Eq. 17 in Table 1 ) and 5 TLMs in the left column while the right contains the case of 100 coherent photons and 5TLMs. As mentioned above, the case of mean photon much larger than the TLM number results in very similar 1 and 4 . In section 2, the cases of smaller mean photon number compared to the number of TLMs are presented. In fact the left column has a mean photon number of 10 vs. 100 TLMs while the right column contains the case of 25 mean coherent photons vs. 100 TLMs. The cases for the TLMs initially up is much more chaotic than the case of all TLMs down. Again the photon density was calculated from Eq. 17 in Table 1 . The results in the left column for all TLMs down is very surprising in that a well-defined rise and fall in oscillations is seen. This behavior prompted a continued calculation in Section 3. Both left and right columns were for 100 TLMs. The left column was calculated for 1 coherent photon while the left was for 100 coherent photons and again the photon density is provided in Eq. 17, Table 1 . It is again seen that there is a well-defined rise and fall of oscillation for the left column with all TLMs down. That is not the case for the right column but another unexpected results is seen. Namely that the average number of absorbed photons is more than have the number of mean photons. This is surprising since in all previous calculations for TLMs in the up state, the maximum number of mean emitted photons was never more than ½ the number of TLMs and often much smaller (the larger the number of mean photons, the closer to ½ the mean number of emitted photons for the resonant case). In the case here, the mean number of absorbed photons is approaching 60. (Admittedly, this number is now dependent on photon number rather than TLM number). We will discuss this somewhat later.
Based on the previous results, it was decided to continue the investigation of a small mean number of photons vs. the number of TLMs but with the other photon densities provided in Table 1 . Section 4 contains the results for the Thermal photon density in Eq. 18 was used for both left and right columns. The mean photon number was 1 for the left column while the right had a mean photon number of 10. A TLM number of 100 was again used. Again we see a very surprising results, namely the expected chaotic behavior for the TLMs up but a well-defined oscillation for the TLMs down. This was not expected since all previous calculations with the Thermal Photon density always displayed chaotic behavior unless strong non-resonance was applied. In nearly all of these cases, the time development of 1 is rather chaotic although if a few cases there is some coherence for a short time. However, again for all TLMs down we see rather a well-defined rises and fall of oscillation except in those cases with large values of variance in the photon number such as the left column of section 6 and the left column of section 7.
Discussion
In this article, simulated emission and absorption of radiation in a single mode (N-TLMs) for various photon distributions has been examined. The original purpose of this paper was to complete (wrap up the results from the previous work presented in references [5, 7, 10 and 15] . However, as seen below and unexpected results was encountered.
The examples of simulated emission have produced the expected results based on previous work for a single TLM for the various photon density distributions and the results for the coherent photon density distribution represented by Eq. 17 for various TLM values. On the other hand, the results for simulated absorption, especially for the case of small mean photon number compared to the number of TLMs was unexpected. (Namely the well-defined rise and fall of oscillation as a function of time. This was unexpected since values of photon number approaching or slightly larger than the number of TLMs is considerably more chaotic. This may be due to either a coherent effect of the large number of TLMs all at equivalent mode positions or due to the photons only interacting with a small number of the TLMs.
This last conjecture is postulated due to the chaotic effect seen for small photon number when the photon variance is large as seen in sections 6 and 7 of Table 4 .
As mentioned above, there is an additional interesting observation concerning simulated absorption which occurs when the mean number of photons approaches the number of TLMs. Namely the mean number of photons absorbed becomes larger than ½ the number of the initial mean number. This behavior was observed for the coherent case [Eq. 17] for all the number TLMs considered above 5 TLMs and when fit to a second order equation (the second order component has a very small coefficient) showed remarkably small variance from the fit (See Fig. 1 below) .
Note
There are two included files with this paper. The first is the Wolfram Mathematica notebook (version 10.0.1) used to provide the calculations and figures presented in this paper. The second is a Computable Document Format (CDF) for Interactive Content document. The player can be obtained at Wolfram at no expense at https://www.wolfram.com/cdf/. Resonant Displaced Number state (equivalent to 100 coherent photons) with initial photon number=25 and 10 TLMs Non-Resonant Displaced Number state (equivalent to 100 coherent photons) with initial photon number=25, 10 TLMs and =20 or =100
Resonant Squeezed Displaced Number state 5 initial photons, displacement equivalent to 100 coherent photons, squeezing parameter r=1, phase =π and10 TLMs
Non-Resonant Squeezed Displaced Number state 5 initial photons, displacement equivalent to 100 coherent photons, squeezing parameter r=1, phase =π, 10 TLMs and =20 or =100
Non-Resonant Squeezed Displaced Number state 10 initial photons, displacement equivalent to 100 coherent photons, squeezing parameter r=2, phase =π, 10 TLMs and =20 or =100 Non-Resonant Squeezed Displaced Number state 10 initial photons, displacement equivalent to 100 coherent photons, squeezing parameter r=2, phase =0, 10 TLMs and =20 or =100
Resonant Squeezed Displaced Number state 10 initial photons, displacement equivalent to 100 coherent photons, squeezing parameter r=1, phase =0 and 10 TLMs Non-Resonant Squeezed Displaced Number state 10 initial photons, displacement equivalent to 100 coherent photons, squeezing parameter r=1, phase =0, 10 TLMs and =20 or =100 
